Abstract. We investigated whether haptic comparison of the curvature of strips is influenced by the tilt (the average slope relative to the horizontal) of the curved strips. This particular stimulus manipulation was chosen to decide between two broad ways in which dynamic curvature comparison might be done: on the basis of the attitude (slope) differences over the surfaces or on the basis of the attitude (slope) differences between successively presented surfaces. For this purpose we conducted matching and discrimination experiments in which strips of constant curvature 9 cm long were touched dynamically and the tilts of the strips were varied. The results of the matching experiment showed some influence of tilt: the strips were judged to be slightly more curved if the tilt was nonzero than if it was zero. The results of the discrimination experiment did not show an effect of tilt. Because the attitude (slope) differences over the surfaces were independent of the tilt it is concluded that curvature comparison is based primarily on attitude differences over the curved surfaces.
Introduction
In earlier investigations (Pont et al 1995 (Pont et al , 1996 (Pont et al , 1997 ) in which we studied static and dynamic haptic discrimination of curved strips we found very similar qualitative and quantitative results. Consequently in the description of these results we do not distinguish between these two types of discrimination. The data are well described by a model in which it is assumed that the effective stimuli for curvature perception are attitude (slope) differences over the surfaces. For stimuli with the same curvature, attitude differences are larger for longer stimuli than for shorter ones. This model predicts that curvature-discrimination thresholds will decrease monotonically as a function of stimulus length and longer strips'will be judged to be more curved than shorter strips with the same physical curvature. Both of these predictions turned out to be correct. However, the relative overestimation of the curvature of longer strips is not as large as predicted on the basis of attitude differences only (on the assumption that the contact lengths are not taken into account). Thus, the contact length also must play a role in subjects' judgments of curvature. Furthermore, we found that subjects are also able to discriminate curved strips in conditions in which the strips are touched with only one finger (at a location, known to the subjects, at which the local attitude differs for differently curved strips). This result suggests that the discrimination of curved strips might be based on attitude differences between successively presented strips. The possibility that the discrimination is based on attitude differences over the curved surfaces must of course be ruled out in the conditions in which the strips are touched with one finger, but might still contribute to curvature discrimination in conditions in which this cue to the curvature is present.
In the present study we attempt to decide between two broad ways in which dynamic haptic curvature comparison might be done: on the basis of the attitude (slope) differences over the surfaces or on the basis of the attitude (slope) differences between successively presented surfaces. This is the reason for the systematic manipulations of the stimulus tilt (the average slope) in these experiments. If curvature comparison is based on the attitude difference over the surfaces, it should be independent of the average slope of the strips.
The attitude difference over the surface of a stimulus of constant curvature (circular cylinder) and constant length is independent of the average slope (tilt) with respect to the horizontal (figure 1; the thick curved lines represent the stimuli). But there is an average nonzero slope or tilt-relative to the horizontal-in the 'left' and 'right' cases, whereas the tilt is zero in the 'middle' case. Thus, if subjects are not able to discount the average slope of the stimulus in their judgments of curvature, they will make errors in matching the curvature of different parts of a curved strip. This would suggest that judgments of curvature are based on local attitude differences between successively presented surfaces. If so, the discrimination of curved strips from a flat strip is expected to be better for the 'left' and 'right' cases than for the 'middle' case, because the local surface attitudes relative to the horizontal are larger in the first two cases than in the latter case (except where it is horizontal). On the other hand, if curvatures are compared on the basis of attitude differences over the surfaces, subjects should be able to discount the average attitude of the strips and match different parts of a circularly curved strip veridically. The discrimination thresholds are then expected to be independent of the average slope of the strips. Figure 1 . Schematic examples of strips (thick curved lines) of which the left, middle, and right parts can be touched. The attitude differences over the curves (*) are the same for the three placements but the maximum local surface attitudes (#) are larger for the left and right placements than for the middle placement (by a factor of 2).
There have been several investigations into active haptic curvature perception (Rubin 1936; Crewdson and Zangwill 1940; Hunter 1954; Davidson 1972; Davidson and Whitson 1974; Gordon and Morison 1982; Kappers and Koenderink 1996) . However, none of these studies is concerned with haptic comparison of differently oriented curved stimuli. We will consider two studies of this topic concerned with the visual modality. Virsu (1971) investigated the visual perception of curvatures of circles compared with the perception of curvatures of circular arcs under conditions of varying length and orientation (vertical or tilted by 45°) of the arcs. He found that the arcs were judged to be less curved than the circles and the error was a decreasing function of arc length. The orientation of the arcs had a small but nonsignificant effect: with short arcs more underestimation was produced by the vertical than by the tilted arcs. Watt and Andrews (1982) tested visual curvature discrimination for a wide range of stimulus curvatures and sizes and for orientations of 0° and 45° relative to the horizontal. They found that the difference between the results for the curved lines with a 45° orientation and for those with a 0° orientation was probably not reliable. These two studies show that the tilt of arcs has no significant effect on visual curvature comparison. It is interesting to investigate whether haptic curvature comparison is also independent of the average slope of the curved stimuli.
In this study we aim to find out whether subjects are able to discount the average slope when judging the curvature of strips. We therefore tested the matching of curved strips (experiment 1) and the discrimination of curved strips from a flat strip (experiment 2) for varying average slopes. The strips were touched dynamically with the index finger of the right hand.
Experiment 1
Experiment 1 was conducted to test whether the tilt of curved strips influences the matching of the curvatures of the strips. We tested all nine possible combinations of the three strip tilts depicted in figure 1. If curvature matching is independent of strip tilt the matching results will be similar and veridical for all nine combinations. This is only possible if the judgments are based on attitude differences over the surfaces. But if the subjects are unable to discount the average slopes of the surfaces the results for the combinations of different tilts will be different from the results for the three combinations of equal tilts ('left' with 'left', 'middle' with 'middle', and 'right' with 'right'). In the latter case we expected subjects to make systematic errors in matching curvatures with different tilts. The range of local attitudes relative to the horizontal, which extends from 0° to the maximum local surface attitude (see figure 1) , is twice as large in the 'left' and 'right' cases as in the 'middle' case, because in the former two cases the maximum local surface attitude is twice as large. A prediction for the limit case on the basis of these differences is that strips will be judged to be 100% more curved in the 'left' and 'right' cases than in the 'middle' case.
2.1 Method 2.1.1 Subjects. Three naive subjects participated in the experiments. They were paid for their efforts. The subjects were unaware of the objectives of the experiment. Subject AO is strongly right-handed, EN and SS are strongly left-handed [according to definitions used by Coren (1993) ].
2.1.2 Stimuli. The haptic stimuli were PVC strips 20 cm long and 2 cm wide, with a peak or trough height of 3 cm. The peak or trough was located in the middle of the strip. The strips are depicted in figure 2. The strips were circularly curved and thus had constant curvature over their lengths, the curvature ranging from -4 m _1 to +4 m _1 (the curvature is the reciprocal of the radius of curvature and vice versa). The most concave stimuli are the right strip in figure 2a and the strip at the rear of figure 2b. The left strip in figure 2a and the strip at the front of figure 2b are the most convex. The strip in the middle of the series of stimuli in figure 2b is flat. Thus this panel shows the complete range of the stimulus series, but not the complete series (the series contains forty-one strips; the step width between stimuli is thus much smaller than depicted in figure 2b ).
We varied the tilt of the strips by manipulating the part of the strips that could be touched. Because the setup was easy to handle and stable it was possible to present the stimuli in rapid succession: with this setup we could change stimuli in 1 to 2 s. This was accomplished by means of a 'window' which was placed in front of the strips (with respect to the subject). This window had an opening in which the subject could touch the strips with the index finger in a dynamic way. The window was 9 cm long. The peak or trough (the middle) of the strips, where the local attitude is horizontal, was located exactly in the middle, or at the left or the right extremum of the window opening (figure 3), so that the subject could touch the left, middle, or right part of the strip, respectively. The strips could be fixed in these different positions by means of a holder which could be shifted to three predetermined positions. These positions and the window length were chosen such that the outermost edges of the strips could not be touched and there was no overlap of the stimulus area in the 'left' and 'right' cases (figure 3).
The attitude difference over the strip surfaces of constant curvature and length is independent of the average slope of the strip (figure 1). The range of absolute local surface attitudes relative to the horizontal, where is between zero (horizontal) and the absolute maximum local surface attitude (figure 1), is larger in the 'left' and 'right' cases than in the 'middle' case. The maximum height difference over the surface is also larger in the 'left' and 'right' cases than in the 'middle' case. This could have been avoided only by changing the stimulus length, but that would certainly have influenced the judgments of curvature. Therefore this setup is well chosen for studying the influence of orientation on curvature comparison. The chord length differences over the curved surface between the 'middle' and the 'left' or 'right' cases can safely be neglected, since this difference is at most 1 mm.
2.1.3
Experimental setup and procedure. The subjects were seated behind a curtain which prevented them from seeing the experimenter and the stimuli. We decided to use a curtain instead of blindfolding the subjects, because they were more comfortable with this setup during the long experiments.
The subjects put their right hand under the curtain to touch the stimuli presented by the experimenter. During all sessions they rested their elbows on the table and moved their relaxed hands up from and down to the stimuli. The strips were touched in a dynamic way with the index finger of the right hand, meaning that the subjects put their index finger on and moved their finger to and fro over the curved surfaces. The subjects were told to move their index finger over the strips from the left to the right boundaries of the window and vice versa without stopping between the two extrema. Thus the stimulus lengths were well determined by the length of the window opening (9 cm). The window was fixed in a frame and the stimuli were always presented in the same place with respect to the subject's thorax: at right angles to the subject's finger, under the distal phalanx of the index finger. The experimenter checked the positioning of the strips.
The task of the subjects was to touch a stimulus (called the reference) and match its curvature with the curvature of another stimulus (called the test) which was presented successively. After the first presentation of reference and test strip the subject could ask for the reference or another test strip, and indicate whether this test strip was to have a higher or lower curvature than the test strip presented first. This procedure was repeated until the subject indicated that he or she was sure that the curvatures of the reference and test strip were the same. Then the experimenter wrote down which test strip the subject judged to have the same curvature as the reference strip.
Subjects were not restricted in the number of times they touched the strips or in the number of movements they made over the reference and test strips. They could ask for the reference and test strips as often as they wanted until they felt sure about their judgment. Subjects did not get feedback during this experiment.
We tested nine conditions. The conditions consisted of all nine possible combinations of the right, middle, and left parts of the reference and test strips. So we tested three combinations in which the same part of the reference and test strips was presented, and six combinations in which different parts of the reference and test strips were touched.
In the measurements with subject EN the reference strips had curvatures of -3.2, -2.4, -1.6, -0.8, 0, 0.8, 1.6, 2.4, and 3.2 m"
1 . The range of curvatures from which the test strip could be chosen by the subject was always -4 to +4 m" 1 with a step width of 0.2 m"
1 . The first few trials with subjects AO and SS showed that our test curvature range was too small to present the larger curvatures of 3.2 m _1 to them; in the case of the references of 3.2 or -3.2 m" 1 it happened that they asked for test strips which were outside our stimulus range. As soon as we noticed this we omitted the presentations of the 3.2 m" 1 strips but completed one session to prevent the subjects from getting feedback about their errors. The first session was omitted from the analysis. The reference curvatures presented to AO and SS in the actual experiment were -2.4, -1.8, -1.2, -0.6, 0, 0.6, 1.2, 1.8, and 2.4 m _1 . In the actual experiments it did not happen that subjects asked for stimuli outside our stimulus range. The test strips which were presented first had curvatures which differed by -0.6, 0, or +0.6 m _1 from the reference curvatures. All experimental conditions consisted of 9 (reference strips) x 3 (presentations) = 27 trials. Experiment 1 thus consisted of 9 (conditions) x 27 (trials) = 243 trials, which were tested in random order. This took about 12 h per subject. The 243 trials were divided into three blocks of 81 trials. The measurements of the first (second, third) block were done before the first (second, third) series of measurements of experiment 2. The measurements of experiment 1 and experiment 2 were alternated because this was more convenient and less boring for the subjects.
Results
The matched curvatures were plotted as a function of the reference curvature. We fitted linear functions to these data points by means of a least-squares method. These functions are characterised by a slope and an offset. In the case of veridical curvature matching the slope is 1 and the offset is 0. The slope is the most interesting parameter. A slope smaller (larger) than 1 will be found if the curvatures of the test stimuli are overestimated (underestimated) compared with the curvature of the reference stimuli. The offsets are not interesting because they are not related to the theoretical predictions. The linear correlation of the data is represented by the coefficient of simple determination R 2 . The results for the three subjects for the matching experiment are depicted in figure 4 . The conditions are on the horizontal axes: the first letter (L for left, M for middle, R for right) is the tilt of the reference strip, the second of the test strip. The slope deviations from 1 are shown on the vertical axes. Significance was tested by means of two-tailed /-tests. In table 1 we show the numerical values of the slopes, offsets, and R 2 values and the significance of the slope deviations from 1 and of the offsets. It is clear that the slopes do not deviate much from 1; the maximum deviations from 1 are +0.10 and -0.12 for EN (conditions R-L and M-R), +0.15 and -0.17 for AO (conditions R-M and M-L), and +0.17 and -0.29 for SS (conditions R-M and M -R). Thus, the underestimations and overestimations of the curvatures of the test strips in comparison with the reference strips were at most 17% and 29%, respectively. However, the slope deviations from 1 show some small effects for the conditions L-M, M-L, M-R, and R-M which are consistent across subjects and in the direction Table of the results for the offsets, slopes, and correlation coefficients of the fitted functions for the nine different conditions or combinations of stimulus parts and the three subjects EN, AO, and SS. For the conditions the first letter is for the tilt of the reference strip (L for left, M for middle, R for right) and the second for the test strip. The significance was tested by means of two-tailed f-tests. The first and second columns for each subject show the slopes and their significance levels (null hypothesis: offset equal to 0) and the offsets and their significance levels (null hypothesis: slope equal to 1), respectively: that was predicted if curvature comparison took place on the basis of the attitude difference between successively presented strips. These deviations are significant at a 5% level for three out of those four cases for each subject: conditions M-L, M-R, and R-M for subjects EN and AO and conditions L-M, M-R, and R-M for subject SS. For all subjects we find that the curvatures of the matched strips were smaller in comparison with those of the reference strips under conditions M-L and M -R. For conditions L -M and R -M the deviations are in the opposite direction. This means that strips with the same physical curvatures are judged to be more (at most 29%) curved if they are touched in the 'left' and 'right' cases than if touched in the 'middle' case.
Inspection of the results for the other conditions shows that for subject EN there is one other significant slope deviation (-0.11), condition L-R. The slope deviation (4-0.10) for condition R-L is nonsignificant, but it is in the opposite direction. These deviations mean that EN judged the strips to be slightly more curved in the 'right' case than in the 'left' case. For AO we do not find significant or systematic slope deviations for the other conditions. For subject SS we find another two significant slope deviations, for conditions L-R (-0.20) and M-M (-0.7). The deviation for condition R-L is very small but in a direction opposite to the deviation for condition L-R, which means that SS judged the strips to be slightly more curved in the 'right' case than in the 'left' case, as did EN. The deviation for condition M-M might be explained by one outlier; when this single data point was removed from the data set the regression analysis gave a slope deviation of -0.05 which was not significant.
As we expected, the offset deviations from 0 were not consistently influenced by stimulus tilt. The R 2 value is in the range 0.95 to 0.99 (subject EN), 0.82 to 0.97 (subject AO), and 0.90 to 0.99 (subject SS) and thus quite high.
Discussion
The curvature matching of strips of constant curvature is influenced by stimulus tilt: strips are judged to be slightly more curved if they have an average nonzero slope than if they are oriented horizontally. The dependency of curvature judgments on the tilt of the strip might be explained by the fact that the range of local surface attitudes relative to the horizontal is larger in the cases in which the strips were not oriented horizontally than in the case in which they were oriented horizontally. However, the influence of stimulus tilt (maximally 17% and 29%) is much smaller than expected on the basis of the changes in the maximum local surface attitude (100%o). The subjects were able to discount to a great extent these changes resulting from varying stimulus tilts. Thus, it must be concluded that the subjects based their judgments primarily on attitude differences over the surfaces, but there is a slight influence on the average attitude of the stimulus.
Subjects SS and EN judged the strips to be slightly more curved in the 'right' case than in the 'left' case. We cannot explain this effect in terms of the stimulus properties. The left -right asymmetry might be caused by anatomical or physiological asymmetries in the hand. It might also be the case that the left-right asymmetry was caused by subjects' strategies, but it is not clear what kind of strategies could cause this effect.
Experiment 2
This experiment was conducted to investigate how curvature discrimination depends on the average slope of the strips. We therefore measured the curvature-discrimination thresholds under three conditions in which the tilt of the strips was varied. The attitude differences over the surfaces are the same for all three tilts, but the local attitude differences between successively presented surfaces are twice as large in the 'left' and 'right' cases as in the 'middle' case. Thus, the discrimination thresholds will be the same under all three conditions if curvature discrimination is based on only attitude differences over the surfaces. But if the discrimination is based on attitude differences between successively presented surfaces the discrimination thresholds are expected to be lower in the 'left' and 'right' placements than in the 'middle' placement.
3.1 Method 3.1.1 Subjects. The subjects who participated in experiment 1 also participated in experiment 2.
3.1.2 Stimuli. The haptic stimuli were the same strips as those used in experiment 1 (figure 1). The length over which the strips were touched was again fixed by means of the 9 cm 'window' which was placed in front of the strips (in relation to the subject). The orientation of the strips was varied in the same manner as in the matching experiment.
3.1.3 Experimental setup and procedure. The experimental setup was the same as in experiment 1. The procedure differed only in the task and in the fact that the subjects themselves wrote down their answers. The strips were touched dynamically with the index finger of the right hand.
The task of the subjects was to touch two successively presented stimuli and to indicate which of the two strips was the more convex. In this experiment we tested the discrimination performance under three conditions. In these conditions both stimuli in a stimulus pair were touched under the 'right', the 'middle', or the 'left' condition. The subjects were told to move their index finger two times to and fro over the stimulus surface. The experimenter checked the number of movements which the subjects made.
In each condition a flat reference strip was combined with fourteen test strips, seven convex and seven concave stimuli. Because the discrimination thresholds differed for the different conditions, the measuring range was adjusted after each test, on the basis of the performance in the previous measurement. All combinations were presented eight times; four times in one order-first the reference and second the test strip-and four times in the other order-first the test and second the reference strips-in a random sequence. Each experimental condition thus consisted of 14 (test strips) x 8 (presentations) = 112 trials and was tested three times on different days. The different conditions was tested in random order. This experiment took about 4.5 h of measurements for each subject. The measurements of experiment 2 were divided into three blocks in which each experimental condition was tested once and these blocks were alternated with the three blocks of measurements in experiment 1.
3.1.4 Analysis. Cumulative Gaussian distributions were fitted as psychometric curves to the percentages of judgments in which the test strips were judged more convex than the reference strip as a function of the curvature of the test strips relative to the reference strip. The Levenberg -Marquardt method (Press et al 1988) was used to fit the data. Figure 5 shows a representative example of how the curves fit the data. Figure 5 . A representative example of data points and the psychometric function which was fitted to these data points. The discrimination threshold at 84% correct, o, is the difference between the 84% and the 50%> points, which is inversely related to the steepness of the curve. The bias, p, is the 50%> point, or the point of subjective equality. See text for details.
A psychometric curve can be characterised by its location (ji) and its slope (v). The point of subjective equality, /i, represents the 50% point or the mean (MacMillan and Creelman 1991) . The parameter a is inversely related to the steepness of the curve and represents the discrimination threshold at 84% correct (MacMillan and Creelman 1991) . We calculated the means and the standard errors over the parameters of the separate curves for each of the three measurements per condition.
Results
The means, or points of subjective equality, do not differ systematically from the reference values. This was expected, because influences of biases were counterbalanced in this experiment.
The curvature-discrimination thresholds for EN, AO, and SS are represented in figure 6 . The thresholds are on the vertical axis, the stimulus tilts are on the horizontal axis. An ANOVA showed that the effect of stimulus tilt was not significant (F 2^ 18 =0.71161, p > 0.25). For subjects EN and SS the discrimination thresholds for the different tilts do not differ within the standard errors. This is also true for AO, although it seems that the threshold for the left tilt is somewhat higher. This cannot be an effect of the tilt of the strips, because in the case of such an effect the threshold for the right tilt should also be larger than the middle. Moreover, if the tilt of the strips was to affect the thresholds, we would expect the thresholds to be larger by a factor of 2 for the middle than for the right and left cases. Because the results do not show this trend we must conclude that tilt does not influence curvature-discrimination performance in this experiment.
There was a significant effect of subject (F 2>18 = 14.539, p < 0.001), which is very clear: the mean threshold was 0.55 m _1 for EN, 1.31 m -1 for AO, and 0.75 m" 1 for SS. These values can be seen as subject-dependent baseline levels from which the different conditions might cause systematic patterns of deviation, rather than differences between the subject-dependent values. Figure 6 . The discrimination thresholds that were measured in experiment 2. The thresholds (vertical axis) are shown as a function of the conditions or placements (horizontal axis) for subjects EN, AO, and SS. Data are means, with vertical bars representing 1 standard error.
Discussion
The discrimination thresholds show no significant effect of stimulus tilt. We did not find that larger differences between local surface attitudes of successively presented strips improved curvature-discrimination performance. We conclude that in this experiment curvature discrimination is based on attitude differences over the surfaces.
Condition

General discussion
The results of experiment 1 showed that strips are judged to be more curved if they have an average slope which is not horizontal than if it is horizontal. The systematic errors in those cases were of the order of 20%, whereas the influence of tilt on the local surface attitudes was much larger; the local surface attitudes differed by maximally 100%. The maximum height difference over the surface, which must also be regarded as a possible cause of the effect, even differed by 300%. Previous studies (Pont et al 1995 (Pont et al , 1996 (Pont et al , 1997 showed that attitude differences are the effective stimulus for curvature comparison and that height differences over the surface do not contribute to this process. Therefore it seems unlikely that the maximum height difference over the surface causes the effect of stimulus tilt. The attitude differences over the surfaces were independent of the average slope of the stimulus. Altogether, we conclude that the average attitude of the curved strips has a slight influence on the judgments but that curvature matching must be based primarily on attitude differences over the curved surfaces.
In experiment 2 we found that the average slope of the stimulus had no systematic influence on the discrimination thresholds. The local attitude differences between successively presented strips were twice as large in the 'left' and 'right' conditions as in the 'middle' condition, but the attitude difference over the strips was independent of the tilt. Thus, the results show convincingly that the curvature discrimination must be based on attitude differences over the surfaces.
The small effect of stimulus tilt which was found in experiment 1 is in the same direction as the-nonsignificant-effect of tilt on visual judgments of the curvatures of arcs found in Virsu (1971) . In experiment 2 we found that curvature discrimination is not systematically influenced by stimulus tilt. Watt and Andrews (1982) found a similar result for visual curvature discrimination.
Curvature comparison in these experiments is thus little affected by the orientation of the strips relative to the horizontal. In previous experiments we found that static curvature discrimination of strips of constant curvature depends primarily on contact length, not on the anatomical and neurological structure of the part of the palmar hand with which the strips are touched (Pont et al 1997) . If the last two results are taken together, comparison of the curvature of strips in the range -4 to +4 m _1 seems to be independent of the average slope of the strips which are touched and of the part of the hand with which the strips are touched. In other words, curvature comparison seems to be independent of the orientation of the strips with respect to the horizontal and of the placement with respect to the palmar side of the hand. Then curvature comparison must depend primarily on attitude differences over the surfaces and thus on stimulus length (the attitude difference over a curved surface increases with contact length). This seems to be a convenient mechanism for haptic shape perception.
In this paper we investigated whether it is possible to decide between two broad ways in which dynamic haptic curvature comparison might be done. Our experiments provide a strong proof that the matching and discrimination of strips with a curvature ranging from -4 to +4 m -1 takes place primarily via the comparison of attitude differences over the surfaces. The average slope or tilt of the strips has a slight effect in the case of curvature matching; this is probably caused by secondary processes that involve the comparison of maximum local surface attitudes.
